Abstract. Suppose that N is a normal subgroup of the Chernikov group G such that the direct product of N and G=N is isomorphic to G. We prove that N is a direct factor of G. This extends and uses work of Ayoub on finite groups and supplements work of Nikolov and Segal on polycyclic-by-finite groups.
Let G ¼ H Â K be the direct product of the two groups H and K and suppose that N is a normal subgroup of G with N isomorphic to H and G=N isomorphic to K. In [1] Ayoub proves that if G is finite, then N is a direct factor of G, something that certainly is not true even for periodic abelian groups in general; again see [1] . Using Ayoub's theorem Goldstein and Guralnick in [3] extend this to finitely generated profinite groups (with the hypotheses suitably topologized) and using this theorem from [3] , Nikolov and Segal prove in [5] that if G is a polycyclic-by-finite group, that is, if G is a soluble-by-finite group satisfying the maximal condition on subgroups, then again N is a direct factor of G.
Here we show that Ayoub's theorem also extends to Chernikov groups, that is, to soluble-by-finite groups satisfying the minimal condition on subgroups. See [4, Chapter 1], for example, for background on Chernikov groups. Theorem. Let G ¼ H Â K be a Chernikov group that is the direct product of the two groups H and K and suppose that N is a normal subgroup of G with N isomorphic to H and G=N isomorphic to K. Then N is a direct factor of G.
Since the Ayoub property is valid for both soluble-by-finite groups with the minimal condition and soluble-by-finite groups with the maximal condition, one might speculate that it holds for minimax soluble-by-finite groups. We conclude this paper with an example showing this is not the case, even if the group is abelian.
In our Chernikov case, profinite groups can play no role, so we need to develop other techniques for use here. Our main tools are derivations of groups G into abelian normal subgroups A of G; that is, maps d of G into A satisfying ðghÞd ¼ ðgdÞ h ðhdÞ for all g and h in G. The basic structure of a Chernikov group G is given in [4] . Such a group always has a unique minimal subgroup G 0 of finite index and G 0 is always a periodic divisible abelian group of finite total rank.
Suppose that B c N are normal subgroups of a group G, where m ¼ ðN : BÞ is finite, B is abelian and B m ¼ B. If X ¼ fx 1 ; x 2 ; . . . ; x m g is a transversal of B to N and if x A N, then x i x ¼ x is a i for some permutation s in SymðmÞ and 
It is easy to check that
Lemma. With the above notation
This lemma should be compared with the Frattini argument.
the latter since ðxd X Þ g and c both lie in the abelian group B.
We now embark upon the proof of the theorem. We can start a little more generally. Let N be a normal subgroup of the Chernikov group G and set
Since AN=N is a divisible abelian subgroup of finite index in G=N, we have AN=N ¼ ðG=NÞ 0 . Trivially B c A V N. Assume that B ¼ A V N. It follows that n ¼ ðG : ANÞ, an integer. Also A ¼ B Â C for some C, since B is divisible, and
Below, r always denotes a positive integer.
Let X be a transversal of B to N and hence of 
Hence for any r d 1,
by (3). This with (2) yields
Let g A G. Then x i y j g ¼ x is y jt a ij for some permutations s and t and some a ij A A. 
Suppose that
Then by (4) we have
and therefore (6) yields that
We now assume the full notation of the theorem. Thus G ¼ H Â K is a Chernikov group and N is a normal subgroup of G with H G N and K G G=N. The subgroups Ker d T for various choices of the transversal T of A to G are all conjugate in G and the subgroups A r are all normal in G. As a consequence we may choose T to suit our needs. We make two di¤erent choices for T.
Suppose that U is a transversal to H 0 in H and V to K 0 in K. Then UV is a transversal of A to G. A simple calculation shows that for h A H and k A K, 
Now choose a transversal XY of A to G as in the discussion and (1)- (7) above. By (9) and conjugacy we have for r d 1 that 
By Ayoub's theorem, (4) and (10) we have
Choose a positive integer e divisible by m, n 2 and p 2 for every prime p for which A contains an element of order p; note that such an integer e does exist. Then by (11) we have The latter implies that
Let DðrÞ ¼ fDðmnrsÞ mns : s d 1g. Now G mn c A, so each DðmnrsÞ mns is contained in the finite group A er . Thus DðrÞ is finite and not empty. The sets DðrÞ together with the maps D 7 ! D s of DðrsÞ to DðrÞ form an inverse system. Its inverse limit is therefore not empty (see e.g. [4, (1.K.1)]). Let fCðrÞg rd1 belong to this inverse limit and set C ¼ 6 rd1 CðrÞ. Since CðrÞ ¼ CðrsÞ s for all r; s d 1, so C is a subgroup of G isomorphic to A=B and clearly C c A. Also B er V CðrÞ ¼ h1i for all r d 1, so B V C ¼ h1i and A ¼ B Â C. Now CðrÞ is normal in some LðmnrsÞ and is centralized by N V Ker d X and A. Thus CðrÞ is normalized by
In particular ½N; C ¼ h1i.
Now C e c CðrÞ ¼ DðmnrsÞ mns c DðmnrsÞ for some r and s and therefore we have C e ¼ DðmnrsÞ e . Moreover the exponent of UðmnrsÞ divides n 2 and hence e. Thus UðmnrsÞ V C c C e and therefore UðmnrsÞ V C ¼ UðmnrsÞ V DðmnrsÞ e . Consequently ðUðmnrsÞ : UðmnrsÞ V CÞ ¼ ðUðmnrsÞ :
by (12) and (13). Now CN=N ¼ ðG=NÞ 0 , so
But UðmnrsÞ V C c UðmnrsÞ V CN. Therefore this and (14) yield
Finally, UðrÞ normalizes B and, by the choice of e, centralizes every element of B of prime-square order. Consequently UðrÞ centralizes B by [4, (1.F.2)], and this is for any r d 1. Thus N ¼ ðN V Ker d X ÞB centralizes UðmnrsÞ, C and hence M. Therefore G ¼ M Â N and the proof of the theorem is complete. r
We now construct our minimax counter-example. Let p and q be distinct primes, let H ¼ hhi be an infinite cyclic group and let K be a multiplicative copy of the additive group Z½q À1 of all rationals whose denominators are powers of q, with k A K corresponding to the integer 1. Set G ¼ H Â K and N ¼ hh p k À1 i. Then G is a torsion-free abelian minimax group of rank 2.
Clearly Therefore G=N is torsion-free of rank 1. Also kN has the same height in G=N as it does in KN=N for all primes except p, where it is one more (its p-height in KN=N is 0 and in G=N is 1).
Therefore G=N is isomorphic to KN=N (see [2, (85.1) ]) and hence is isomorphic to K. Trivially N is isomorphic to H.
Suppose that G ¼ M Â N for some subgroup M of G. Now clearly K is exactly the set of elements of G of infinite q-height and M is isomorphic to K. Therefore M c K and so G ¼ MN c KN < G. This contradiction shows that no such M exists.
The example G above is completely decomposable but not homogeneous and this is critical. If G is a homogeneous, completely decomposable, torsion-free abelian group of finite rank then G always satisfies the Ayoub property, since N will be isolated in G and hence a direct factor of G (see [2, (86 .8)] ).
